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QUANTUM MCKAY CORRESPONDENCE FOR DISC INVARIANTS OF TORIC CALABI-YAU
3-ORBIFOLDS
HUA-ZHONG KE AND JIAN ZHOU
ABSTRACT. We announce a result on quantum McKay correspondence for disc invariants of outer legs in toric
Calabi-Yau 3-orbifolds, and illustrate our method in a special example [C3/Z5(1, 1, 3)].
1. INTRODUCTION
Let ˆX → X be a crepant resolution of a Gorenstein orbifold X . McKay correspondence predicts that the
invariants of ˆX coincide with the orbifold invariants of X . See [23] for an exposition of such results for classi-
cal invariants. Physicists and mathematicians are also interested in quantum version of McKay correspondence,
which concerns about quantum invariants, e.g. Gromov-Witten invariants. A famous example is the Crepant
Resolution Conjecture (CRC) proposed by Ruan [25], which relates the orbifold small quantum cohomology
of X to the small quantum cohomology of ˆX in a subtle way. See [6, 13, 18, 27] and references therein for
refinements and recent results.
Our point of view towards quantum McKay correspondence is to understand both the toric Calabi-Yau orb-
ifold and its toric crepant resolution as symplectic reductions of the same system of charge vectors. Quantum
McKay correspondence is related to phase change phenomena in string theory. Roughly speaking, physicists
expect that string theories at different limit points in some (complexified) Ka¨hler moduli spaces should be re-
lated to each other. In the early 90’s, Witten proposed gauged linear sigma model (GLSM) to study phase
change phenomena [26]. Mathematically, GLSM realizes the target space of Gromov-Witten theory as a sym-
plectic reduction of a complex vector space by some linear action by a torus. The weights of the torus action
are some vectors with integral components. They are called charge vectors in the physics literature. For dif-
ferent regular values of the moment map of the torus action, the resulting symplectic reductions are related by
birational transformations called flops. It is generally expected that their Gromov-Witten invariants are related
to each other in a suitable way. In performing the symplectic reduction, one can also produce orbifolds instead
of manifolds. In this way, one can put the toric Calabi-Yau orbifold and its toric crepant resolutions in the same
family.
For a toric Calabi-Yau 3-fold obtained in this way, one can use its charge vectors to compute genus-zero
(closed) Gromov-Witten invariants [11] and disc invariants [3, 2, 22]. Similarly, it can also be done for toric
Calabi-Yau 3-orbifolds. In this note, we will consider disc invariants (with respect to Aganagic-Vafa branes),
which are open Gromov-Witten invariants. In [19, 28], we observed that superpotentials of disc invariants for
different limit points in the extended (complexified) Ka¨hler moduli of [C3/G] together with an Aganagic-Vafa
brane are governed by different sets of charge vectors which span the same linear subspace, and in the effective
case, the superpotentials are equal to each other as formal power series, via the change of variables which can
be read off directly from the charge vectors. This matches with the prediction by physicists [7, 8] and provides
a natural derivation of the mysterious change of variables proposed in [7, 8]. In a forthcoming paper [20], we
will generalize our result to all toric Calabi-Yau 3-orbifolds, using the open mirror symmetry recently proved
in [16].
For recent related results of quantum McKay correspondence of disc invariants, see [4, 5, 14]. See also [10]
for disc invariants of FOOO type. Recently, Chan, Cho, Lau and Tseng have proved CRC of disc invariants
of FOOO type for all semi-projective toric CY orbifolds with canonical Gorenstein singularities [9]. Note that
FOOO type invariants considered by these authors and the invariants for Aganagic-Vafa branes considered by
us involve Lagrangian submanifolds of different Maslov indices.
The rest of the paper is organized as follows. In Section 2, to illustrate our method, we present some details
of the proof of the quantum McKay correspondence of disc invariants for [C3/Z5(1, 1, 3)]. In Section 3, we
announce the quantum McKay correspondence for disc invariants of effective outer legs in toric Calabi-Yau
3-orbifolds.
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FIGURE 1. Toric resolution of X = [C3/Z5(1, 1, 3)]
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FIGURE 2. Secondary fan for X = [C3/Z5(1, 1, 3)]
2. A SPECIAL CASE: [C3/Z5(1, 1, 3)]
In this section, let X = [C3/Z5(1, 1, 3)] and let ˆX be the unique toric crepant resolution of X . By
Z5(1, 1, 3), we mean the subgroup of S L(3,C) generated by diag(e2pii/5 , e2pii/5, e3·2pii/5). We will establish the
quantum McKay correspondence for disc invariants with Aganagic-Vafa branes for this case. We will achieve
this in the following steps:
Step 1 Using open mirror symmetry to compute the superpotential functions of Aganagic-Vafa disc invariants
for X and ˆX .
Step 2 Find the corresponding charge vectors for X and ˆX from their superpotential functions.
Step 3 Find the formula for change of variable from the change of charge vectors.
Step 4 Identify the superpotential functions after the change of variables.
The same steps can be carried out for general toric Calabi-Yau 3-orbifolds.
We refer readers to the book [12] for basic facts of toric geometry used in this section. The toric crepant
resolution ˆX → X is given by Figure 1, where
b1 =

−2
−2
1
 , b2 =

1
0
1
 , b3 =

0
1
1
 , b4 =

0
0
1
 , b5 =

−1
−1
1
 .
More explicitly, choose two charge vectors (1, 0, 0, 1,−2), (0, 1, 1,−3, 1) for ˆX , and let (C∗)2 act on C5 =
SpecC[Z1, . . . , Z5] by
(u1, u2).(Z1, · · · , Z5) = (u1Z1, u2Z2, u2Z3, u1u−32 Z4, u−21 u2Z5).
Then
X = [C3 × (C∗)2/(C∗)2],
and
ˆX = [C5 \ V(Z1Z2, Z1Z3, Z1Z5, Z2Z4, Z3Z4)/(C∗)2].
From the above chosen charge vectors, the secondary fan is given by Figure 2: For (semi-projetive) toric
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Calabi-Yau 3-orbifolds, we have a working definition for open Gromov-Witten invariants [16] via virtual local-
ization [17], and we can use topological vertex to calculate them [24]. Topological vertex is very effective in
the manifold case [1, 21], but not that effective in the orbifold case since it involves Hurwitz-Hodge integrals
which are difficult to compute. Thus in general, it is difficult to compute the open Gromov-Witten invariants.
The open mirror symmetry [15, 16] expresses the disc potential, the generating function of disc invariants, in
terms of the superpotential, a generalized hypergeometric series, via open-closed mirror map.
Let L be an Aganagic-Vafa brane in X , intersecting the toric curve given by b2 and b3. By [16], the disc
potential of (X ,L ) with framing f is equal to the following superpotential via open-closed mirror map:
WX ,Lf (q4, q5, q0) =
∑
m0∈Z>0,m4,m5∈Z>0,
m0
5 −
m4
5 −
3
5 m5∈Z>0
(−1)⌊− 25 m4− 15 m5⌋+m0(1− f+15 )qm00 qm44 qm55
m0
5 Γ(1 + m05 − m45 − 35 m5)Γ(1 + m4)Γ(1 + m5)
·
Γ( f+15 m0 + 25m4 + m55 )
Γ(1 + f5 m0 − 25m4 − m55 )
.
On the other hand, let ˆL be an Aganagic-Vafa brane in ˆX , intersecting the toric curve given by b2 and b3.
By [16], the disc potential of ( ˆX , ˆL ) with framing ˆf is equal to the following superpotential via open-closed
mirror map:
W ˆX , ˆL
ˆf (qˆ1, qˆ5, qˆ0) =
∑
mˆ0∈Z>0,mˆ1,m5∈Z>0,
mˆ0−5mˆ1−3mˆ5∈Z>0
(−1)ˆ2m1+mˆ5+( ˆf+ 25 )mˆ0+⌊− 25 mˆ0⌋qˆmˆ00 qˆmˆ11 qˆmˆ55
mˆ0Γ(1 + mˆ0 − 5mˆ1 − 3mˆ5)Γ(1 + mˆ1)Γ(1 + mˆ5)
·
Γ(( ˆf + 1)mˆ0 − 2mˆ1 − mˆ5)
Γ(1 + ˆf mˆ0 + 2mˆ1 + mˆ5)
.
According to [19, 20], one can read off the charge vectors for (X ,L ) and ( ˆX , ˆL ) from the superpotentials,
and the result is as follows. The extended charge vectors for (X ,L ) are
l(4) = (− 15 , − 25 , − 25 , 1, 0, 0, 0),
l(5) = (− 35 , − 15 , − 15 , 0, 1, 0, 0),
l(0) = (15 , f5 , − f+15 , 0, 0, 1, −1),
and the extended charge vectors for ( ˆX , ˆL ) are
ˆl(1) = (1, 2, 2, −5, 0, 0, 0),
ˆl(5) = (0, 1, 1, −3, 1, 0, 0),
ˆl(0) = (0, ˆf , − ˆf − 1, 1, 0, 1, −1),
By comparing these charge vectors, one notices that {l(4), l(5), l(0)} and {ˆl(1), ˆl(5), ˆl(0)} span the same linear sub-
space of Q5 if and only if f = 5 ˆf + 2, and under this condition, the charge vectors are linear related to each
other as follows:

l(4) = − 15 ˆl
(1),
l(5) = − 35 ˆl
(1)
+ ˆl(5),
l(0) = 15 ˆl
(1)
+ ˆl(0).
These linear relations give us the following formula for change of variables when f = 5 ˆf + 2 :

q4 = qˆ
− 15
1 ,
q5 = qˆ
− 35
1 qˆ5,
q0 = qˆ
1
5
1 qˆ0.
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Now we check directly that, under the above change of variables, we have
WX ,Lf ( ˆf ) (q(qˆ), q0(qˆ, qˆ0)) = 5
∑
mˆ0∈Z>0,mˆ1,m5∈Z>0,
mˆ0−5mˆ1−3mˆ5∈Z>0
(−1)ˆ2m1+mˆ5+( ˆf+ 25 )mˆ0 qˆmˆ00 qˆmˆ11 qˆmˆ55
mˆ0Γ(1 + mˆ0 − 5mˆ1 − 3mˆ5)Γ(1 + mˆ1)Γ(1 + mˆ5)
·
Γ(( ˆf + 1)mˆ0 − 2mˆ1 − mˆ5)
Γ(1 + ˆf mˆ0 + 2mˆ1 + mˆ5)
· (−1)⌊− 25 mˆ0⌋
= 5W ˆX , ˆL
ˆf (qˆ, qˆ0).
This establishes the correspondence of disc potentials of (X ,L ) and ( ˆX , ˆL ).
3. GENERAL CASE
In this section, we state our result of quantum McKay correspondence for disc invariants. This can be
obtained by following the same step as in the last section. The details of the proof will appear in a forthcoming
paper [20].
Let ˆX
pi
−→ X be a crepant resolution of the Calabi-Yau 3-orbifold X . Assume that L is an outer Aganagic-
Vafa brane in X , intersecting an effective noncompact toric curve C in X . By the open mirror symme-
try recently proved in [16], the disc potential of (X ,L ) with framing f is equal to the the superpotential
WX ,Lf (q, q0). Note that pi−1(C ) is also a noncompact toric curve in ˆX , and we assume that ˆL is an outer
Aganagic-Vafa brane in ˆX intersecting pi−1(C ). Again by the open mirror symmetry, the disc potential of
( ˆX , ˆL ) with framing ˆf is equal to the the superpotential W ˆX , ˆL
ˆf (qˆ, qˆ0). One can use the superpotential func-
tions in both cases to read off the charge vectors and hence make the corresponding change of variables to
identify the superpotential functions.
Theorem 3.1. We have
WX ,Lf ( ˆf ) (q(qˆ), q0(qˆ0)) = s1W
ˆX , ˆL
ˆf (qˆ, qˆ0),
where s1 is an integer determined by the toric data, and the change of variables f = f ( ˆf ), q = q(qˆ), q0 = q0(qˆ0)
can be read off directly from the charge vectors.
This result establishes the correspondence of disc potentials of (X ,L ) and ( ˆX , ˆL ). We also have a similar
result for ineffective outer legs.
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